Available online at www.sciencedirect.com

JOURNAL OF

scuENcs@DlnEc‘" GEOMETRY anp
PHYSICS

ELSEVIER Journal of Geometry and Physics 50 (2004) 99-114

www elsevier.com/locate/jgp

Boolean coverings of quantum observable
structure: a setting for an abstract differential
geometric mechanism

Elias Zafiris

Faculty of Mathematics and Informatics, University of Sofia, Blvd. James Bourchier, 1164 Sofia, Bulgaria

Received 20 June 2003; received in revised form 26 November 2003 ; accepted 27 November 2003

Abstract

We develop the idea of employing localization systems of Boolean coverings, associated with
measurement situations, in order to comprehend structures of quantum observables. In this manner,
Boolean domain observables constitute structure sheaves of coordinatization coefficients in the
attempt to probe the quantum world. Interpretational aspects of the proposed scheme are discussed
with respect to a functorial formulation of information exchange, as well as, quantum logical
considerations. Finally, the sheaf theoretical construction suggests an operationally intuitive method
to develop differential geometric concepts in the quantum regime.
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1. Introduction

The main guiding idea in our investigation is based on the employment of objects belong-
ing to the Boolean species of observable structure, as covers, for the understanding of the
objects belonging to the quantum species of observable structure. The language of Category
theory[1,2] proves to be suitable for the implementation of this idea in a universal way.
The conceptual essence of this scheme is the development of a sheaf theoretical perspective
[3,4] on quantum observable structures.
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The physical interpretation of the categorical framework makes use of the analogy with
geometric manifold theory. Namely, it is associated with the development of a Boolean
manifold picture that takes place through the identification of Boolean charts in systems of
localization for quantum event algebras with reference frames, relative to which the results
of measurements can be coordinatized. In this sense, any Boolean chart in a localization
system covering a quantum algebra of events, corresponds to a set of Boolean events which
become realizable in the experimental context of a measurement situation. This identifica-
tion amounts to the introduction of a relativity principle in quantum theory, suggesting a
contextual interpretation of its descriptive apparatus.

In quantum logical approaches the notion of event, associated with the measurement of
an observable is taken to be equivalent to a proposition describing the behavior of a physical
system. This formulation of quantum theory is based on the identification of propositions
with projection operators on a complex Hilbert space. In this sense, the Hilbert space for-
malism of quantum theory associates events with closed subspaces of a separable, complex
Hilbert space corresponding to a quantum system. Then, the quantum event algebra is iden-
tified with the lattice of closed subspaces of the Hilbert space, ordered by inclusion and
carrying an orthocomplementation operation which is given by the orthogonal complements
of the closed subspac§s;6]. Equivalently it is isomorphic to the partial Boolean algebra
of closed subspaces of the Hilbert space of the system, or alternatively the partial Boolean
algebra of projection operators of the systgth

We argue that the set theoretical axiomatizations of quantum observable structures hides
the intrinsic significance of Boolean localizing systems in the formation of these structures.
Moreover, the operational procedures followed in quantum measurement are based explic-
itly in the employment of appropriate Boolean environments. The construction of these
contexts of observation are related with certain abstractions and can be metaphorically con-
sidered as pattern recognition arrangements. In the categorical language we adopt, we can
explicitly associate them with appropriate Boolean coverings of the structure of quantum
events. In this way, the real significance of a quantum structure proves to be, not at the
level of events, but at the level of gluing together observational contexts. The main thesis of
this paper is that the objectification of a quantum observable structure takes place through
Boolean reference frames that can be pasted together using category theoretical means.
Contextual topos theoretical approaches to quantum structures have been considered, from
a different viewpoint in8,9], and discussed if10-12]

In Section 2ve define event and observable structures in a category theoretical language.
In Section 3ve introduce the functorial concepts of Boolean coordinatizations and Boolean
observable presheaves, and also, develop the idea of fibrations over Boolean observables.
In Section 4we prove the existence of an adjunction between the topos of presheaves
of Boolean observables and the category of quantum observabl8sction 5we define
systems of localization for measurement of observables over a quantum event algebra. In
Section 6Bve talk about isomorphic representations of quantum algebras in terms of Boolean
localization systems using the adjunction establishe&elction Ave examine the conse-
quences of the scheme related to the interpretation of the logic of quantum propositions. In
Section 8we discuss the implications of covering systems in relation to the possibility of
development of a differential geometric machinery suitable for the quantum regime. Finally,
we summarize the conclusions$ection 9
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2. Event and observable structures as categories

A Quantum event structure is a category, denoted b, which is called the category of
guantum event algebras.

Its objects, denoted bk, are quantum algebras of events, that is orthomodutantho-
posets. More concretely, each objédh L, is considered as a partially ordered set of quan-
tum events, endowed with a maximal element 1, and with an operation of orthocomplementa-
tion[-]*: L — L, whichsatisfy, forall € L, the following conditions: (a) < 1, (b)/** =
L (c)lvi*=1,(d) <l=i* <, (e)lLl:>lvl e L, (f)forl, leL,l< llmpllesthat
land! are compatible, where 8=:1*,1 1 [:=1<1I* andthe operations of meetand join
v are defined as usually. We also recall thai L are compatible if the sublattice generated
by {1, I*, 1, I*} is a Boolean algebra, namely if it is a Boolean sublattice.c-eempleteness
condition, namely that the join of countable families of pairwise orthogonal events must
exist, is also required in order to have a well-defined theory of observableg over

Its arrows are quantum algebraic homomorphisms, that is kafsL, which satisfy,
for all k € K, the following conditions: (aH(1) = 1, (b) H(k*) = [H(W]*, () k < k =
H(k) < H(k), (d)k L k = H(k v k) < H(k) v H(k), (€) H(\/, k») = \/,, H(ky), where
k1, k2, ... countable family of mutually orthogonal events.

A Classical event structure is a category, denoted H#§, which is called the category of
Boolean event algebras. Its objects arBoolean algebras of events and its arrows are the
corresponding Boolean algebraic homomorphisms.

The notion of observable corresponds to a physical quantity that can be measured in
the context of an experimental arrangement. In any measurement situation the propositions
that can be made concerning a physical quantity are of the following type: the value of the
physical quantity lies in some Borel set of the real numbers. A proposition of this form
corresponds to an event as itis apprehended by an observer using his measuring instrument.
An observableZz' is defined to be an algebraic homomorphism from the Borel algebra of
the real line Bo¢R) to the quantum event algebfa

g :Bor(R) —» L

suchthat ()&@) =0, E(R) =1, (i) E(F =0 = E(E) L Z(F) for E, F € Bor(R),
(i) &, En) =V, E(En), WwhereE1, Eo, ... sequence of mutually disjoint Borel sets
of the real line.

If L is isomorphic with the orthocomplemented lattice of orthogonal projections on a
Hilbert space, then it follows from von Neumann’s spectral theorem that the observables
are in 1-1 correspondence with the hypermaximal Hermitian operators on the Hilbert space.

A Quantum observable structure is a category, denoted b§g, which is called the
category of quantum observables. Its objects are the quantum obsewalies(R) — L
and its arrowsE — © are the commutative triangleBi. 1), or equivalently the quantum
algebraic homomorphisms £ K in £, preserving by definition the join of countable
families of pairwise orthogonal events, such that H o & in Fig. 1is again a quantum
observable.

Correspondingly, @oolean observable structure is a category, denoted 9z, which
is called the category of Boolean observables. Its objects are the Boolean obsefvables



102 E. Zafiris/ Journal of Geometry and Physics 50 (2004) 99-114

AN

Fig. 1.

A
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Bor(R) — B and its arrows are the Boolean algebraic homomorphiBrisC in B, such
thatd = h o £ in Fig. 2is again a Boolean observable.

3. Functorial formulation of observables

3.1. Presheaves of Boolean observables

If OB is the opposite category @pg, then Sets”s denotes the functor category of
presheaves on Boolean observables. Its objects are all fur)(:tm@ — Setsand its
morphisms are all natural transformations between such functors Each Xbiedhis
category is a contravariant set-valued functo®s called a presheaf 0@ .

For each Boolean observalglef O, X (&) is a set, and for each arrofv: 6 — &, X(f) :

X (&) — X(0) is a set function. X is a presheaf o g andx € X(6), the valueX( f)(x)
for an arrowf : 6 — & in Op is called the restriction of along f and is denoted by
X(NHx) =xo f.

Each object of Op gives rise to a contravariant Hom-functg] := Homp, (—, §).

This functor defines a presheaf 6. Its action on an object of Op is given by:

Y[€1(6) := Homo, (6, §).
whereas its action on a morphism®%-6, forv : 6 — £ is given by
ylE](w) : Homo,, (6, §) — Homo, (1, §), yIEl(w)(v) = vow.
Furthermorey can be made into a functor fro@p to the contravariant functors dfp
y:0Op — Sets¥s

such thag — Homp,(—, §). This is an embedding and it is a full and faithful functor.
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The functor category of presheaves on Boolean observablgds provides an instan-
tiation of a structure known as topos. A topos exemplifies a well-defined notion of variable
set. It can be conceived as a local mathematical framework corresponding to a generalized
model of set theory or as a generalized space. Moreover, it provides a natural example of a
many-valued truth structure, which remarkably is not ad hoc, but reflects genuine constraints
of the surrounding universe.

3.2. The Grothendieck fibration technique

SinceQOp is a small category, there is a set consisting of all the elements of all the sets
X (&), and similarly there is a set consisting of all the functiofisf). This observation
regardingX : O%p — Sets permits us to take the disjoint union of all the sets of the form
X (&) for all objectsé of Op. The elements of this disjoint union can be represented as
pairs (&, x) for all objectst of Op and elements € X(&). Thus the disjoint union of sets
is made by labeling the elements. Now we can construct a category whose set of objects
is the disjoint union just mentioned. This structure is called the category of elements of
the presheak, denoted byG(X, Op). Its objects are all pairg, x), and its morphisms
(é, x) — (& x) are those morphisms : g — & of Op for which xu = x. Projection on
the second coordinate & (X, Op) defines a functoGyx : G(X, Og) — Opg. G(X, Op)
together with the projection funct@y is called the split discrete fibration induced by
X, and Op is the base category of the fibration. We note that the fibration is discrete
because the fibers are categories in which the only arrows are identity arrois. #f
Boolean observable object 6fg, the inverse image und&yx of & is simply the seX (&),
although its elements are written as pairs so as to form a disjoint union. The instantiation
of the fibration induced by, is an application of the general Grothendieck construction
[13].

3.3. Boolean modeling functor

We define a modeling or coordinatization funcdr: Op — Ogq which assigns to
Boolean observables i@p (that plays the role of the model category) the underlying
guantum observables frofflg, and to Boolean homomorphisms the underlying quantum
algebraic homomorphisms. Hen&ects as a forgetful functor, forgetting the extra Boolean
structure ofOp.

Equivalently, the coordinatization functor can be characterized asl3 — £ which
assigns to Boolean event algebragithe underlying quantum event algebras frénand
to Boolean homomorphisms the underlying quantum algebraic homomorphisms, such that
Fig. 3commutes.

3.4. Functorial relation of event with observable algebras

The categories of event algebras and observables are related functorialy as follows: under
the action of a modeling functor, Bd®) may be considered as an objectbfHence, it
is possible to construct the covariant representable fufctof — Sets, defined by =



104 E. Zafiris/ Journal of Geometry and Physics 50 (2004) 99-114

Bor(R)

(1]

A(BE) [U)B}E

Fig. 3.

Hom,(Bor(R), —). The application of the fibration technique on the funé&tqrovides the
category of elements of this functor, which is the category of all arrowfsfiom the object
Bor(R), characterized equivalently as the comma category(BptL]. We conclude that
the category of quantum observab(®g is actually the comma category [B&t)/L] or,
equivalently, the category of elements of the fundtoe Hom,(Bor(R), —). Analogous
comments hold for the category of Boolean observables.

4. Adjointness between presheaves of Boolean observablesand quantum observables

We consider the category of quantum observatilgsand the modeling functok, and
we define the functoR from Oq to the topos of presheaves given by:

R(E) : & - Homog (A(®), &).

A natural transformation between the topos of presheaves on the category of Boolean
observableX andR(Z), r : X — R(&) is a family rz indexed by Boolean observablgs
of Op for which eachr; is a map

7e I X(§) — HomoQ(A(é), )
of sets, such that the diagram of segg( 49 commutes for each Boolean homomorphism
u:.&— £ofOp.
If we make use of the category of elements of the Boolean observables-variable set

X, being an object in the topos of presheaves, then the thagefined above, can be
characterized as

7z 1 (& p) > Homoy (A o Gx (&, p), &).

X (&) 55 Homo, (A(€), E)
X(u) A (1)

X(€) AHmnOQ(A(f’). =)

Fig. 4.
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A(§) ==AGx(¢p)

7(p)

7e(P)

A(§)=——A o Gx(£,p)
Fig. 5.

Equivalently, such a can be seen as a family of arrows@§ which is being indexed by
objects(, p) of the category of elements of the presheaf of Boolean obsenidbtesmely
{te(p) 1 A) > E}p)-

From the perspective of the category of elementX ahe condition of the commutativity
of Fig. 4is equivalent with the condition that for each Boolean homomorplnisré — £
of Op, Fig. 5commutes.
FromFig. 5we can see that the arrows(p) form a cocone from the funct@ o Gx to
the quantum observable algebra objectMaking use of the definition of the colimit, we
conclude that each such cocone emerges by the composition of the colimiting cocone with
a unique arrow from the colimit X to the quantum observable obje€t In other words,
there is a bijection which is natural hand &

Nat(X, R(Z)) = Homo, (LX, &).

From the above bijection we are driven to the conclusion that the fuRchmm Ogq to the
topos of presheaves given by

R(&) : § = Homo, (A(8), &)

has a left adjoinL : Sets¥% Oq, which is defined for each presheaf of Boolean
observableX in Sets? as the colimit

L(X) = Colim{G(X, Op) =X 02 00).
Consequently there is@air of adjoint functorsL - R as follows:
L : SetdBorR/BI* = [Bor(R)/L] : R.

The adjunction, which will be the main interpretational tool in the proposed scheme,
consists of the functorks andR, called left and right adjoints with respect to each other,
respectively, as well as the natural bijection

Nat(X, R(&)) = Homgorr),/ 2] (LX, ).
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Fig. 6.

As an application we may use ¥sthe representable presheaf of the topos of Boolean
observableg[£]. Then, the bijection defining the adjunction takes the form:

Nat(y[¢], R(&)) = Homo,, (LY[], &).

Because the functoX = y[£] is representable, the corresponding category of elements
G(y[£], Op) has a terminal object, that is, the elementl— £ of y[£](§). Therefore, the
colimit of the composité o Gy[¢] is going to be just the value @ o Gy[¢ on the terminal
object. Thus, we have

LY[£](6) = A o Gyjg (5, 1e) = A(8).

In this way we provide a characterizationff) as the colimit of the representable presheaf
on the category of Boolean observables.

Furthermore, the categorical syntax provides a representation of a colimit as a coequalizer
of a coproduct. This representation shows that the left adjoint functor of the adjunction is
like the tensor product ®[sorr /5] A [14]. More specifically, the coequalizer representation
of the colimitL X (Fig. 6) shows that the elementsXf®0, A, considered as a set endowed
with a quantum algebraic structure, are all of the forp, ¢), or in a suggestive notation,

x(p, ) =p®q, peX&,qeAd

satisfying the coequalizer conditigm ® ¢ = p ® vg.

5. System of measurement localizations for quantum observables

The notion of a system of localizations for a quantum observable, which will be defined
subsequently, is based on the categorical idea that the quantumBlife€, is possible to
be comprehended by means of appropriate covering gnapsz having as their domains
locally defined Boolean observablgésn Op. It is obvious that any single map from any
modeling Boolean observable to a quantum observable is not sufficient to determine it
entirely and hence, it is a priori destined to contain only a limited amount of information
about it. This problem may be tackled only if we employ many structure preserving maps
from the modeling Boolean observables to a quantum observable simultaneously to cover
it completely.

A system of prelocalizations for quantum observabl& in Oq is a subfunctor of the
Hom-functorR (&) of the formS: O} — Sets, namely for allt in O it satisfiesS(£) €
[R(£)](£). Hence a system of prelocalizations for quantum observabie Oq is a set
S(&¢) of quantum algebraic homomorphisms of the form:

Ye A — &, £eOp
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Bor(R) 3 A(Bz)

Fig. 7.

such that(y; : A(§) — Zin S(&) andA(v) : A() — A() in Og forv: & — £in Op,
implies ¥z o A(v) : A(§) = Oqin S(&)).

According to the above definition, the functional role of the Hom-funBtGE) is equiv-
alent to depicting a set of algebraic homomorphisms, in order to provide local coverings of
a quantum observable by coordinatizing Boolean objects. We may characterize the maps
Ye : A(§) - E,& € Op in a system of prelocalizations for quantum observablas
Boolean domain covers. Their domaiBs provide Boolean coefficients associated with
measurement situations. The introduction of the notion of a system of prelocalizations is
forced on the basis of operational physical arguments. According to Kochen—Specker theo-
rem it is not possible to understand completely a quantum mechanical system with the use
of a single system of Boolean devices. On the other side, in every concrete experimental
context, the set of events that have been actualized in this context forms a Boolean algebra.
Consequently, any Boolean domain objeBt, [vp]z : A(Bz) — L) in a system of pre-
localizations for quantum event algebra, makifig. 7 commutative, corresponds to a set
of Boolean events that become actualized in the experimental contBxfitiese Boolean
objects play the role of localizing devices in a quantum event structure that are induced
by measurement situations. The above observation is equivalent to the statement that a
measurement-induced Boolean algebra serves as a reference frame, in a topos-theoretical
environment, relative to which a measurement result is being coordinatized.

A family of Boolean observable coverg: : A(§) — =, & € Op is the generator of
the system of prelocalizatio8 if this system is the smallest among all that contain that
family. It is evident that a quantum observable, and correspondingly the quantum event
algebra over which it is defined, can have many systems of measurement prelocalizations,
that, remarkably, form an ordered structure. More specifically, systems of prelocalization
constitute a partially ordered set under inclusion. We note that the minimal system is the
empty one, namel§(&) = dforallé € Op, whereasthe maximal systemisthe Hom-functor
R(Z&) itself, or equivalently, all quantum algebraic homomorphisis A(§) — Z.

The transition from a system of prelocalizations to a system of localizations for a quantum
observable, can be realized if certain compatibility conditions are satisfied on the overlap of
the modeling Boolean domain covers. In order to accomplish this itis necessary to introduce
the categorical concept of pullback @y (Fig. 8).

The pullback of the Boolean domain covefrs: A(§) — &, & € Op andwé CAE) -

E € € Op with common codomain the quantum observableconsists of the object
A(¢) x g A(§) and two arrows) andwég, called projections, as shownfiig. 8 The square
commutes and for any objegtand arrows: andg that make the outer square commute,
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T

thereisaunique : T — A(§) x = A(€) that makes the whole diagram commutative. Hence
we obtain the conditionjfé og=ygzoh.
We emphasize that if: andl/fé are injective maps, then their pullback is isomorphic with

the intersectior\ (&) mA(é). Then we can define the pasting map, which is anisomorphism,
as follows:

Q¢ V(A x5 AE) > V(A x5 AE)
by putting
-1
ee=Vgo Vg,

The following conditions hold: (iK2;s = 1, 1z = idg, (i) £2,; 0 QSS = Qsé if

AE NAE NAEG) #0,and (i) 2, ; = 2; if AG NAE) # 0.

The pasting map assures that.(A(€) xz A(€)) and V(A x5 A(£)) are going to
cover the same part of the quantum observable in a compatible way.

Given a system of measurement prelocalizations for quantum obse®abl€q, and
correspondingly for the quantum event algebra over which it is defined, we callstem
of localizations if the above conditions are satisfied, and moreover, the quantum algebraic
structure is preserved.

We assert that the above compatibility conditions provide the necessary relations for
understanding a system of measurementlocalizations for aquantum observable as a structure
sheaf or sheaf of Boolean coefficients consisting of local Boolean observables. This is
connected to the fact that systems of measurement localizations are actually subfunctors
of the representable Hom-functBr(Z) of the formS : O%° — Sets, namely for all¢ in
Op satisfyS(§) < [R(&E)](&). In this sense the pullback compatibility conditions express
gluing relations on overlaps of Boolean domain covers and convert a presheaf subfunctor of
the Hom-functor into a sheaf. The concept of sheaf expresses exactly the pasting conditions
that local modeling objects have to satisfy, namely, the way by which local data, providing
Boolean coefficients obtained in measurement situations, can be collated.
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The comprehension of a measurement localization system as a sheaf of Boolean co-
efficients permits the conception of a quantum observable (or of its associated quantum
event algebra) as a generalized manifold, obtained by pastingégmA(é) x5 A(§)) and

wgé(A(éj) Xz A(é)) covers together by the transition functio@’é. In this perspective

the generalized manifold, which represents categorically a quantum observable object, is
understood as a colimit in the category of elements of a sheaf of Boolean coefficients that
contains compatible families of modeling Boolean observables.

6. |somorphic representations of quantum observables by Boolean localization
systems

The ideas developed in the previous section may be used to provide the basis for the
representation of quantum observables and their associated quantum event algebras in terms
of Boolean covering systems, if we pay attention to the counit of the established adjunction,
denoted by the vertical map Fig. 9.

The diagram suggests that the representation of a quantum obseB/abl®q and,
subsequently, of a quantum event algebria L, in terms of a coordinatization system of
measurement localizations, consisting of Boolean coefficients, is full and faithful, if and
only if the counit of the established adjunction, restricted to that system, is an isomorphism,
that is, structure preserving, 1-1 and ofitd]. It is easy to see that the counit of the
adjunction, restricted to a system of measurement localizations is a quantum algebraic
isomorphism, iff the right adjoint functor is full and faithful, or equivalently, iff the cocone
from the functorA o Gr(z) to the quantum observablg is universal for each objed in
Oq [2,3]. In the latter case we characterize the coordinatization fudcto®z — Oq or,
equivalently, the functoA : B — L such thaFig. 3commutes, a proper modeling functor.

As a consequence if we consider/ashe category of Boolean subalgebras of a quantum
event algebrd. of ordinary quantum mechanics, that is an orthomodattarthoposet of
orthogonal projections of a Hilbert space, together with a proper modeling inclusion functor
A : B — L, the counit of the established adjunction restricted to a system of measurement
localizations is an isomorphism.

The physical significance of this representation lies on the fact that the whole information
contentin aquantum event algebra is preserved by every covering Boolean system, qualified
as a system of measurement localizations. The preservation property is established by the
counit isomorphism. It is remarkable that the categorical notion of adjunction provides the

LeAl) ——e—  LepA&)REI)S0,A

Fig. 9.
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appropriate formal tool for the formulation of invariant properties, giving rise to preservation
principles of a physical character.

If we return to the intended representation, we realize that the surjective property of
the counit guarantees that the Boolean domain covers, being themselves objects in the
category of element&(R(L), B), cover entirely the quantum event algeliravhereas its
injective property guarantees that any two covers are compatible in a system of measurement
localizations. Moreover, since the counitis also a homomorphism, it preserves the algebraic
structure.

In the physical state of affairs, each cover corresponds to a set of Boolean events actual-
ized locally in a measurement situation. The equivalence classes of Boolean domain covers
represent quantum events inthrough compatible coordinatizations by Boolean coeffi-
cients. Consequently, the structure of a quantum event algebra is being generated by the
information that its structure preserving maps, encoded as Boolean covers in measurement
localization systems, carry as well as their compatibility relations.

7. Implicationsfor quantum logic

The covering process leads naturally to a contextual description of quantum events (or
quantum propositions) with respect to Boolean reference frames of measurement and fi-
nally to a representation of them as equivalence classes of unsharp Boolean events. The
latter term is justified by the fact that, in cagesignifies a truth-value structure, each cover
can be interpreted as an unsharp Boolean algebra of events corresponding to measurement
of observableZ. More concretely, since covers are magg]z : A(Bg) — L, each
Boolean event realized in the domaky;, besides its true or false truth-value assignment
in a measurement context related to the outcome of an experiment that has taken place,
is also assigned a truth value representing its relational information content for the com-
prehension of the coherence of the whole quantum structure, measured by the degrees in
the posetL or, equivalently, by the degrees assigned to its poset structure of localization
systems.

Between these two levels of truth-value assignment there exists an intermediate level,
revealed by the instantiation of the Boolean power construction in the context of the
Grothendieck fibration technique. This intermediate level refers to a truth-value assign-
ment to propositions describing the possible behavior of a quantum system in a specified
Boolean context of observation without having passed yet an experimental test.

We may remind that the fibration induced by a presheaf of Boolean algelmawides
the category of elements & denoted byG (P, ). Its objects are all pair&B, p), and its
morphisms(B, p) — (B, p) are those morphisms : B — B of B for whichpu = p.
Projection on the second coordinate®(P, B) defines a functoGp : G(P, B) — B. If
B is an object of3, the inverse image und&p of B is simply the seP(B). As we have
explained, the objects of the category of elem&\R (L), B) constitute Boolean domain
covers for measurement and have been identified as Boolean reference frames on a quantum
observable structure.

We notice that the set of objects@{R (L), B) consists of all the elements of all the sets
R(L)(B) and, more concretely, has been constructed from the disjoint union of all the sets of



E. Zafiris/ Journal of Geometry and Physics 50 (2004) 99-114 111

the above form, by labeling the elements. The elements of this disjoint union are represented
as pair9B, v : A(B) — L) for all objectsB of B and elementg g € R(L)(B).

Taking into account the projection functor, defined above, this set is actually a fibered
structure. Each fiber is a set defined over a Boolean algebra relative to which a measurement
result is being coordinatized. If we denote (s, g) the elements of each fiber, withg €
R(L)(B) andg € A(B), then the set of maps

VB.9) = ¢q

can be interpreted as the Boolean power of the set

Tp ={(¥8,9), ¥ € R(L)(B),q € A(B)}

with respect to the underlying Boolean alge®§15].

The Boolean power construction forces an interpretation of the Boolean algebra relative
to which a measurement result is being coordinatized, as a domain of local truth values
with respect to a measurement that has not taken place yet. Moreover, the set of local
measurement covers defined ods considered as a Boolean-valued set. In this sense, the
local coordinates corresponding to a Boolean domain of measurement may be considered
as Boolean truth values.

We further observe that the set of objects3R (L), B) consists of the disjoint union
of all the fibersY'g, denoted by = LigYp. This set can also acquire a Boolean power
interpretation as follows.

We define a binary relation on the $etaccording to:

W5 @ ® Wp,q) iff In:yp— ¥p:n@ =q.¥z=1vpon.

It is evident that for any; : B — B we obtain:(yz o 1, §) ® (¥, n(¢)). Furthermore,

we require the satisfaction of the compatibility relations that are valid in a system of lo-
calizations. Then it is possible to define the Boolean power of thé& sgith respect to

the maximal Boolean algebra belonging to such a compatible system of localizations. We
may say that the Boolean coordinates, interpreted as local Boolean truth values via the
Boolean power construction, reflect a relation of indistinguishability due to overlapping of
the corresponding covers.

The viewpoint of Boolean-valued sets has far reaching consequences regarding the in-
terpretation of quantum logic and will be discussed in detail in a future work from the
perspective of Lawvere’s topfl6]. At the present stage, we may say that the logical in-
terpretation of the Boolean fibration method, seems to substantiate Takeuti’s and Davis’s
approach to the foundations of quantum Igdi¢, 18], according to whom, quantization of
a proposition of classical physics is equivalent to interpreting it in a Boolean extension of a
set theoretical universe, wheBeis a complete Boolean algebra of projection operators on
a Hilbert space. In the perspective of the present analysis, we may argue that the fibration
technique in the presheaf of Boolean algelis&R (L), B) provides the basis for a natural
interpretation of the logic of quantum propositions, referring to the possible behavior of
a quantum system in a concrete localization context with respect to an experimental test
that has not been actualized yet, in terms of a truth-value assignment, assuming existence
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in the corresponding Boolean context of a covering system, and realized in terms of local
valuations on the Boolean coordinates of the specified cover.

8. Differential geometry in the quantum regime

The application of Stone representation theorem for Boolean algebras permits the re-
placement of Boolean algebras by fields of subsets of a measurement space, providing in
this manner a natural operationalization of the meaning of Boolean covers. Thus, if we re-
place each Boolean algehBan B by its set-theoretical representatia, [Bx], consisting
of alocal measurement spakeand its local field of subse®y, it is possible to define local
measurement space chaibs:, ¥, : A(Bx) — L) and corresponding space localization
systems for quantum observal#feover quantum event algebfain £. Topologically, each
local space is considered as a compact Hausdorff space, the compact open subsets of which
are the maximal filters or the prime ideals of the underlying Boolean algebra.

From local measurement space chags:, g, : A(By) — L) we may form their
equivalence classes which, modulo the conditions for compatibility on overlaps, will repre-
sent a single quantum eventin Under these circumstances, we may interpret the equiva-
lence classes of local space charis. ®a, a € A(Byx) as the experimental actualizations of
the quantum events ih, corresponding to measurement of observablda the operational
framework two local space representations of a quantum observable satisfy the compati-
bility condition on overlapping regions, iff their associated measurements are equivalent to
measurements sharing the same experimental arrangement.

We also observe that the inverse of a local space representation of a quantum observable
plays the role of a random variable on this local spateConsequently, every quantum
observable may be considered locally, as a measurable function defined over the local mea-
surement spacg. Phrased differently, random variables defined over local spaces provide
Boolean coordinatizations for a quantum observable and moreover satisfy compatibility
conditions on the overlaps of their local domains of definition. Subsequently, if we con-
sider the collection of measurable functions defined over the category of local spaces we
obtain a sheaf of Boolean coefficients for the measurement of a quantum observable, such
that the latter is represented by a colimit construction in the category of elements of this
sheaf. Addition and multiplication oveR induce the structure of a sheaf Bfalgebras
(or a sheaf of rings). A natural question that arises in this setting is if it could be possible
to consider the above sheaf Rfalgebras as the structure algebra sheaf of a generalized
space. From a physical point of view, this move would reflect the appropriate generaliza-
tion of the arithmetics, or sheaves of coefficients, that have to be used in the transition from
the classical to the quantum regime. The appropriate framework to accommodate structure
sheaves of the above form is abstract differential geometry (ADG), developed by Mallios in
[19,20] ADG is an extension of classical differential geometry according to which, instead
of smooth functions, one starts with a general sheaf of algebras. The important thing is that
these sheaves of algebras, which in our perspective correspond to quantum observables, can
be interrelated with appropriate differentials, interpreted as Leibniz sheaf morphisms. This
interpretation is suited to the development of differential geometry in the quantum regime
and will be carried out at a later stage.



E. Zafiris/ Journal of Geometry and Physics 50 (2004) 99-114 113

9. Conclusions

The conceptual root of the proposed relativistic perspective on quantum structure, estab-
lished by systems of Boolean measurement localization systems is located on the physical
meaning of the adjunction between presheaves of Boolean observables and quantum ob-
servables.

Let us consider thaBets®” is the universe of Boolean observable event structures mod-
eled inSets, or else the world of Boolean windows, aidhat of quantum event structures.

In the proposed interpretation the functor Sets®” — £ canbe comprehended as a trans-
lational code from Boolean windows to the quantum species of event structure, whereas
the functorR : £ — Sets®” as a translational code in the inverse direction. In general, the
content of the information is not possible to remain completely invariant translating from
one language to another and back. However, there remain two ways for a Boolean event
algebra variable s to communicate a message to a quantum event aldetiEéher the
information is given in quantum terms withtranslating, which can be represented as the
quantum homomorphismaP — L or the information is given in Boolean terms with
translating, that in turn, can be represented as the natural transforrRatioR (L). In the

first case, from the perspective bfinformation is being received in quantum terms, while

in the second, from the perspectiveRfnformation is being sent in Boolean terms. The
natural bijection then corresponds to the assertion that these two distinct ways of communi-
cating are equivalent. Thus, the physical meaning of the adjoint situation signifies a two-way
dependency of the involved languages in communication with respect to the variation of
the information collected in localization contexts of measurement. More remarkably, the
representation of a quantum observable as a categorical colimit, resulting from the same
adjunctive relation, reveals an entity that can admit a multitude of instantiations, specified
mathematically by different coordinatizing Boolean coefficients in Boolean localization
systems.

The underlying invariance property specified by the adjunction is associated with the
informational content of all these phenomenically different instantiations in distinct mea-
surement contexts, and can be formulated as follows: the informational content of a quantum
observable structure remains invariant with respect to Boolean domain coordinatizations if
and only if the counit of the adjunction, restricted to covering systems, qualified as Boolean
localization systems, is an isomorphism. Thus, the counit isomorphism provides a cate-
gorical equivalence, signifying an invariance in the translational code of communication
between Boolean windows, acting as localization devices for measurement, and quantum
systems.
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